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First : a
concrete application of convolation.

Back to the heat equ ,
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At each fixed tinst ,

T is a function RW. R.

So we can take a
Former transform
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HW : Fourier transform of Gaussian is Gaussian

e* f(x)
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~non! So the temperature distribution at all times

is determined buy intalfathf(x) + convolution with glx ,
i)
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But as time goes en ,
f gets "smeared out" :

m--
T(x , 1) T(x

, 10)
T(x

,
b)

4t

T(x
,
+) = g

+ f = S
Xef(y)dyam

--

G(x ,Y)

we call Ofing) a hearned , Commonly used in

image processing to smooth
out pictures

Iso
,
gx() is a liner operator ! Actually ,

an integrallivarpetoe



Further Properties of Divac Deltas (or ,
the magic of integration-

↑There careful defe :
par+s)

we call such
-

Su is defined by the property f "test functions .

go S,
(x) f(x)(x = f(h) ↑

= X

where f is any
smooth function

where

all derivatives vanish
at: fleas x to]

Technically ,
these

are called "weak
This allows us to use integration by parts

!
Y

derivatives.". So

to meaningfully compute
derivatives of Sh is not a function,

but this is a

natural generalization

Look : Sp isdefined by the property that
for any of a derivative.

test function f, O
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.

But why stop theret
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·



So
,

this proves s is the object which has

gog(x) f(x)dx = ( 1)uf (x)A- x

For all test functions
f.
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What about integration ? -
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Delta
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-)(00
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,

where H
=-

It is often called the "Heaviside step function"



·What is the Fourier transform of Su?

· From HW 12, Problem 1 :

1 1
-
ikh1

SXf = f(x-h) = ef
h

But by Fourier
transform turns convolution

into multiplication , · Incorrect
,
but useful

-
11 "proof" :

S=
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= = Fei
From the same problem ,

-

↑ (k - h) = ([ <
Y)(k) = e f(k)

But

↑ (k-h) = (S
,

x * )(k)
· Incorrect

,
but useful

Take inverse Fourier transform
I "proof

-
V(eih + f)(x) = (Sn+ F)(x)
S(x)=like

=(5nf)(x)

EFin ·


